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Abstract
A k-hypertournament is a complete k-hypergraph with all k-edges endowed with ori-
entations. The incidence matrix associated with a k-hypertournament is called a k-hyper-
tournament matrix. Some properties of the hypertournament matrices are investigated. The
sequences of the numbers of 1’s and −1’s of rows of a k-hypertournament matrix are respec-
tively called the score sequence and the losing score sequence of the matrix and so of the
corresponding hypertournament. A necessary and sufficient condition for a sequence to be the
score (and losing score) sequence of a k-hypertournament is considered. We also find some
conditions for the existence of k-hypertournament matrices with constant score sequence,
called regular k-hypertournament matrices.
© 2003 Elsevier Inc. All rights reserved.
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1. Introduction
A tournament is a complete directed graph. One of the well-known facts on tour-
naments is Landau’s theorem. When we call the outdegree of a vertex of a tourna-
ment the score of the vertex, Landau’s theorem provides a necessary and sufficient
condition for the existence of a tournament having the scores of its vertices as a given
sequence.
Hypergraphs are a generalization of graphs. While edges of a graph are pairs of
vertices of the graph, edges of a hypergraph are subsets of the vertex set, consisting of
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at least two vertices. In particular, we call an edge consisting of k vertices a k-edge. A
k-hypergraph is a hypergraph all of whose edges are k-edges. A k-hypertournament
is a complete k-hypergraph with each k-edge endowed with an orientation, that is, a
linear arrangement of the vertices contained in the hyperedge.
For example, let V = {1, 2, 3, 4}, the set of vertices, and E = {e1 = (1, 2, 3), e2 =
(3, 4, 1), e3 = (1, 2, 4), e4 = (3, 2, 4)}, the set of all 3-edges with an orientation.
Then, H = (V ,E) is a 3-hypertournament.
Instead of scores of vertices in a tournament, Zhou et al. [15] considered scores
and losing scores of vertices in a k-hypertournament, and derived a result analogous
to Landau’s theorem. Landau’s theorem has attracted quite a bit of attention provid-
ing a dozen of different proofs. Included among those proofs [13] are Fulkerson’s
[6], Ryser’s [14], Brauer et al.’s [4] and Bang and Sharp’s [2] as well as Landau’s
[9] itself. Bang and Sharp’s proof might be more noteworthy than others. They used
Hall’s theorem about systems of distinct representatives for a collection of sets to
prove Landau’s theorem.
In this paper, we define k-hypertournament matrices as the incidence matrices of
k-hypertournaments and obtain some basic properties of such matrices. Notice that
our definition of k-hypertournament matrices is different from h-hypertournament
matrices defined by Maybee and Pullman [10] and Kirkland [7]. They generalize
the tournament matrices A satisfying A + AT + I = J to h-hypertournament matri-
ces A satisfying A + AT + I = hhT, where I is the identity matrix, J is the all 1’s
matrix, and h is a real nonzero vector.
We find a necessary and sufficient condition, in the same way as Bang and Sharp’s
proof [2], for the existence of k-hypertournament matrices, and so k-hypertourna-
ments, having a specified score sequence, and reproduce the result of Zhou et al.
[15] as a particular case.
The total score of a vertex of a k-hypertournament is the number of arcs contain-
ing the vertex but not as the last element minus the number of arcs containing it as
the last one. It is shown that the total score of each vertex of a k-hypertournament on
n vertices has the same parity as that of
(
n−1
k−1
)
. A matrix with equal row sums is called
a regular matrix in the theory of tournaments. We similarly call a k-hypertournament
matrix regular if it has its row sums all equal. We show that regular k-hypertour-
nament matrices also have equal column sums as well as equal row sums, and find
the necessary and sufficient condition for the existence of regular k-hypertournament
matrices.
2. k-Hypertournament matrices
Let V = {v1, v2, . . . , vn} be the set of n vertices. A subset of V is called a hyper-
edge. Let E = {ei | ei ⊂ V, i ∈ I } be a set of hyperedges, where I is nothing but an
index set. Then H = (V ,E) is called a hypergraph on V [3]. We assume
n = |V |  3 and 2  k  n − 1
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over the whole paper. If all of the hyperedges of a hypergraph H are of size k, then
we call such hyperedges k-edges and the hypergraph H a k-hypergraph. Note that
2-hypergraphs are usual graphs.
A k-hypertournament is a k-hypergraph with all possible k-arcs, where a k-arc
means a k-edge endowed with an orientation, i.e., a linear arrangement of the vertices
in it. Since a k-edge consists of k vertices, the number of k-arcs in a k-hypertourna-
ment is
(
n
k
)
. Since the number of ways to give orientations to a k-edge is k!, there
exist k!(nk) k-hypertournaments on n vertices.
For each vertex vi of a k-hypertournament H , we call the number of arcs contain-
ing vi but not as the last vertex the score si of vi , and the number of arcs containing
vi as the last vertex the losing score ri of vi [8].
We [12] now define the k-hypertournament matrix M = M(H) associated with a
k-hypertournament H = (V ,E) as the incidence matrix M = [mij ] of size n ×
(
n
k
)
of H , where, for 1  i  n and 1  j 
(
n
k
)
, mij is given by
mij =


1 if vi ∈ ej and vi is not the last element of ej ,
−1 if vi ∈ ej and vi is the last element of ej ,
0 if vi ∈ ej .
Each row and column of M respectively represents a vertex and an arc of H . So the
matrix defined in this way, although not precisely telling the orientations of k-arcs,
distinguishes the last vertex of each arc from the others and provides the informa-
tion on the score and the losing score of every vertex. With this correspondence
between k-hypertournaments and k-hypertournament matrices, we use the abuse of
terminology of hypergraphs and matrices, with no confusion of meaning.
For example, the 3-hypertournament matrix M = M(H) corresponding to the 3-
hypertournament H given in Section 1 is
M =


1 −1 1 0
1 0 1 1
−1 1 0 1
0 1 −1 −1

 .
Note that a k-hypertournament matrix corresponds to (k − 1)!(nk) k-hypertourna-
ments, where
(
n
k
)
stands for the number of k-arcs and (k − 1)! stands for the number
of ways to orient the vertices in a k-arc except the last vertex.
The followings are some properties satisfied by the k-hypertournament matrices
that are easily observed.
(1) The matrix M is a (1, 0,−1)-matrix of size n × (n
k
)
. Each row of M corresponds
to a vertex of H and each column of M corresponds to a k-arc of H . In fact, the
matrix distinguishes the last vertex from the others in each column.
(2) Each column of M contains exactly k − 1 1’s, one −1, and n − k 0’s.
(3) Let si and ri be, respectively, the score and the losing score of vertex vi of H .
Then si and ri are, respectively, the number of 1’s and the number of −1’s in row
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i of M . For each i = 1, . . . , n, si + ri =
(
n−1
k−1
)
because it is the number of arcs
containing vi , that is, the number of nonzero entries in the ith row of M .
(4) The sum ∑ni=1 ri of the losing score of all vertices is equal to the total number
of −1’s in the matrix M , which is equal to the number of columns of M since
each column contains one and only one −1. So, ∑ni=1 ri = (nk).(5) The score sum ∑ni=1 si is the total number of 1’s in M . Since each column
contains (k − 1) 1’s, ∑ni=1 si = (k − 1)(nk). Also, ∑ni=1 ri +∑ni=1 si = k(nk),
which stands for the number of nonzero entries of M .
(6) The sum of the entries of each column of M is k − 2, i.e., 1TM = (k − 2)1T,
where 1 = (1, . . . , 1)T and the superscript T stands for transpose. So ∑ni=1 si −∑n
i=1 ri = (k − 2)
(
n
k
)
, the sum of all entries of M .
The row sum vector of M is given by M1 = (s1 − r1, s2 − r2, . . . , sn − rn)T. For
each i, we call ti = si − ri the total score of vi and M1 the total score vector of M .
In particular, if ti’s are all equal, the matrix is said to be regular.
3. Existence of k-hypertournament matrices
It is well known that Landau’s theorem provides a necessary and sufficient condi-
tion for a sequence of nonnegative integers to be a score sequence of a tournament,
a complete digraph.
Proposition 1 (Landau’s theorem [2]). Given a nondecreasing sequence of nonneg-
ative integers, 0  s1  s2  · · ·  sn, there exists a tournament matrix A such that
s = (s1, s2, . . . , sn)T = A1 if and only if
l∑
i=1
si 
(
l
2
)
for l = 1, . . . , n
and the equality holds when l = n.
Bang and Sharp proved Landau’s theorem using Hall’s theorem on a system of
distinct representatives of a collection of sets. Given a collection of sets A1, . . . , Ar ,
a system of distinct representatives of the collection is defined as a system of distinct
elements a1, . . . , ar ∈ ⋃ri=1 Ai such that ai ∈ Ai for each i = 1, . . . , r .
Lemma 2 (Hall’s theorem [1]). The set A1, . . . , Ar possess a system of distinct rep-
resentatives if and only if, for each m  r,
|Ai1 ∪ Ai2 ∪ · · · ∪ Aim |  m
for any {i1, i2, . . . , im} ⊂ {1, 2, . . . , r}.
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Zhou et al. [15] considered scores and/or losing scores of vertices in a k-hyper-
tournament, instead of scores of vertices in a tournament, and derived a result anal-
ogous to Landau’s theorem. We employ Bang and Sharp’s idea to prove a necessary
and sufficient condition for a nonnegative sequence to be a score or a losing score
sequence of a k-hypertournament matrix, and hence for a k-hypertournament.
Theorem 3. A nondecreasing sequence of nonnegative integers 0  r1  r2 
· · ·  rn is a losing score sequence of a k-hypertournament H if and only if it
satisfies
l∑
i=1
ri 
(
l
k
)
for l = 1, 2, . . . , n
and the equality holds when l = n.
Proof. First consider the necessity. If l < k then clearly
∑l
i=1 ri 
(
l
k
) = 0. Assume
that l  k. Let v1, v2, . . . , vl be the vertices with losing score r1, r2, . . . , rl . Then
the induced k-hypertournament Hl on the l vertices v1, v2, . . . , vl is contained in
H whose vertex set is {v1, . . . , vn}. Each vertex vi for 1  i  l is possibly the last
element of some arcs containing some of the vertices vj ’s for l + 1  j  n. That is,
for 1  i  l, the losing score of vi in Hl is less than or equal to ri . Since the losing
score sum of Hl is
(
l
k
)
by property (4), ∑li=1 ri  ( lk) and the losing score sum of H
is
∑n
i=1 ri =
(
n
k
)
.
For the sufficiency, let X1, X2, . . . , Xn be pairwise disjoint sets with |Xi | = ri
for 1  i  n. Consider these n sets as the vertices of a complete k-hypergraph on n
vertices.
We now define the orientations of k-edges {Xi1 , Xi2, . . . , Xik } as follows to obtain
a desired k-hypertournament. Let
F = {Xi1 ∪ · · · ∪ Xik | 1  i1 < · · · < ik  n}.
For 1  l 
(
n
k
)
, consider the union of any l members of F . Let I denote the set of
distinct subscripts of the Xi’s that make up these l members of F . Note that the index
set I can be made from at most
(|I |
k
)
members of F , i.e., l 
(|I |
k
)
.
From the assumption that ri’s are nondecreasing and
∑|I |
i=1 ri 
(|I |
k
)
, we obtain∣∣∣∣∣
⋃
i∈I
Xi
∣∣∣∣∣ =
∑
i∈I
|Xi | =
∑
i∈I
ri 
|I |∑
i=1
ri 
(|I |
k
)
 l.
So by Hall’s theorem, F has
(
n
k
)
distinct representatives from the union of the mem-
bers of F so that each set of F contains one of the representatives. Orient a k-edge
{Xi1 , . . . , Xik } to form a k-arc so that Xij is the last element in this arc if and only if
the representative of the member Xi1 ∪ · · · ∪ Xik in F is in Xij .
Since both of the number of representatives and |X1 ∪ · · · ∪ Xn| = ∑ni=1 |Xi | =∑n
i=1 ri are
(
n
k
)
, each element of X1 ∪ · · · ∪ Xn appears exactly once as a
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representative, i.e., the losing score of Xi is |Xi | = ri . Hence, we obtain a k-
hypertournament with losing score sequence 0  r1  r2  · · ·  rn. 
Since si + ri =
(
n−1
k−1
)
for each i, we easily get, from the above theorem, the con-
dition for a given sequence s1  s2  · · ·  sn  0 to be a score sequence of a k-
hypertournament.
Corollary 4. A nonincreasing sequence of nonnegative integers s1  s2  · · · 
sn  0 is a score sequence of a k-hypertournament H if and only if it satisfies
l∑
i=1
si  l
(
n − 1
k − 1
)
−
(
l
k
)
for l = 1, 2, . . . , n
and the equality holds when l = n.
Rearranging the score sequence in nondecreasing order, 0  s˜1  s˜2  · · ·  s˜n,
we obtain the same inequalities for s˜i as in Zhou et al. [15]:
l∑
i=1
s˜i  l
(
n − 1
k − 1
)
+
(
n − l
k
)
−
(
n
k
)
for l = 1, 2, . . . , n
with the equality for l = n.
Corollary 5. Sequences 0  s1  s2  · · ·  sn and r1  r2  · · ·  rn  0 are
the score and losing score sequences of a k-hypertournament if and only if they
satisfy
si + ri =
(
n − 1
k − 1
)
for all i = 1, 2, . . . , n
and
l∑
i=1
si  l
(
n − 1
k − 1
)
+
(
n − l
k
)
−
(
n
k
)
and
l∑
i=1
ri 
(
n
k
)
−
(
n − l
k
)
for l = 1, 2, . . . , n and the equalities hold if l = n.
Recall that the total score of vertex vi is si − ri . The following theorem gives the
condition for a sequence to be the total score sequence of a k-hypertournament matrix.
Theorem 6. A nonincreasing sequence of integers {ti | i = 1, 2, . . . , n} is the total
score sequence of a k-hypertournament matrix M on n vertices if and only if ti has
the same parity as that of (n−1
k−1
) for all i = 1, 2, . . . , n,
l∑
i=1
ti  l
(
n − 1
k − 1
)
− 2
(
l
k
)
for l = 1, 2, . . . ,
and the equality holds when l = n.
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Proof. Let a nonincreasing sequence of integers t1  t2  · · ·  tn be a total score
sequence of a k-hypertournament matrix M on n vertices. Then there exist score
and losing score sequences s1  s2  · · ·  sn  0 and 0  r1  r2  · · ·  rn of
M with ti = si − ri . The inequality is deduced from Theorem 3 and Corollary 4.
Since ti = si − ri and
(
n−1
k−1
) = si + ri , ti = (n−1k−1)− 2ri and hence each ti has the
same parity with
(
n−1
k−1
)
for i = 1, 2, . . . , n.
For the converse, assume a nonincreasing sequence of integers t1  t2  · · ·  tn
which satisfies the inequalities given in the statement of the theorem. For each i =
1, 2, . . . , n, let si = 12
((
n−1
k−1
)+ ti) and ri = 12
((
n−1
k−1
)− ti). Then
t1 
(
n − 1
k − 1
)
,
tn =
n∑
i=1
ti −
n−1∑
i=1
ti
 n
(
n − 1
k − 1
)
− 2
(
n
k
)
− (n − 1)
(
n − 1
k − 1
)
+ 2
(
n − 1
k
)
= −
(
n − 1
k − 1
)
.
So −(n−1
k−1
)
 ti 
(
n−1
k−1
)
and hence si  0 and ri  0 for all i. The sequences {si}
and {ri} are respectively nonincreasing and nondecreasing. So, for 1  l  n,
l∑
i=1
si = l2
(
n − 1
k − 1
)
+ 1
2
l∑
i=1
ti  l
(
n − 1
k − 1
)
−
(
l
k
)
and
l∑
i=1
ri = l2
(
n − 1
k − 1
)
− 1
2
l∑
i=1
ti 
(
l
k
)
,
where equalities hold if l = n. Hence by Theorem 3, there exists a k-hypertourna-
ment matrix with {si} and {ri} as its score and losing score sequences, and so with
{ti = si − ri | i = 1, 2, . . . , n} as its total score sequence. 
4. Regular k-hypertournament matrices
We call a k-hypertournament matrix M regular if M1 = t1 for some integer t .
That is, M is regular if the row sums, i.e., the total scores of M are constant t :
si − ri = t for all i = 1, . . . , n. When k = 2, the row sums and the column sums of
a regular matrix M are both zero.
Lemma 7. A k-hypertournament matrix M on n vertices is regular if and only if the
scores and the losing scores of all the vertices are constants s and r, respectively.
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Proof. A k-hypertournament matrix M is regular if and only if there exists an
integer t such that M1 = t1, i.e., the total scores are all equal, t = t1 = · · · = tn.
Since ti = 2si −
(
n−1
k−1
) = (n−1
k−1
)− 2ri for i = 1, . . . , n, si’s are all equal, and so are
ri’s. 
Now, we find a necessary and sufficient condition on n and k for the existence of
a regular k-hypertournament matrix on n vertices.
Define an operator P acting on n-tuples circulantly shifting the components right
by one. Let x = (v1, v2, . . . , vn) be an n-tuple. Then
P(v1, v2, . . . , vn) = (vn, v1, . . . , vn−1).
We call the smallest positive integer α such that Pα(x) = x, the order of x and
denote it ord(x). Clearly, 1  ord(x)  n.
Theorem 8. For n  3 and 2  k  n − 1, a regular k-hypertournament matrix M
on n vertices exists if and only if n divides (n
k
)
.
Proof. Suppose that M is regular. Then, by Lemma 7, all the losing scores of M
are constant, say, r , summing rn. Since the sum of losing scores is
(
n
k
)
as seen in
property (4), r = (n
k
)
/n and so n divides
(
n
k
)
.
We prove the sufficiency by constructing a regular k-hypertournament matrix
when n divides
(
n
k
)
. For n-tuples x, y, we say that x and y are equivalent if and
only if x = Pα(y) for some positive integer α. It is clear that this is an equivalence
relation.
Let x be an n-tuple consisting of k 1’s and n − k 0’s. Let o = ord(x). In fact, the
cardinality of the equivalence class containing x is equal to o, and o divides n. For,
if n = ao + b for some integers a and 0  b < o, then x = Pn(x) = PbP ao(x) =
Pb(x) which forces to b = 0.
Let E = {e1, e2, . . . , e(nk)} be the set of all
(
n
k
)
k-edges on n vertices, V = {1,
2, . . . , n}. Then each k-subset e ∈ E of V can be represented by an n-tuple x(e) =
(x1, x2, . . . , xn) containing k 1’s and (n − k) 0’s, which is defined by
xi =
{
1 if i ∈ e,
0 if i ∈ e
for i = 1, 2, . . . , n. With no confusions, we abuse the notation x(e) = e for n-tuples.
So, E = {e1, e2, . . . , e(nk)} is considered as the set of all possible n-tuples containing
k 1’s and (n − k) 0’s, {x(e1), x(e2), . . . , x(e(nk))}.
Let M˜ be the n × (n
k
)
matrix whose columns are e1, e2, . . . , e(nk).
M˜ = [e1e2 . . . e(nk)
]
.
Note that each row of M˜ contains
(
n−1
k−1
)
1’s and
(
n
k
)− (n−1
k−1
)
0’s.
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Rearranging the columns of M˜ does not change the number of 1’s and 0’s of
each row. We rearrange the columns of M˜ so that equivalent columns e, P (e), . . . ,
P ord(e)−1(e) are placed next to each other.
Since n divides
(
n
k
)
, r = (n
k
)
/n is an integer. The n × (n
k
)
matrix M˜ is divided
into r blocks, i.e., n × n submatrices, where the lth block consists of rows 1, . . . , n
and columns (l − 1)n + 1, . . . , ln for l = 1, . . . , r . For any (0, 1) n-tuple e, we can
make 1 appear in any component we want by applying P to e an appropriate num-
ber of times. In other words, we can rearrange the columns so that all the diagonal
entries of each of the r blocks are 1’s. Now, let M be the matrix formed from M˜
as follows: for each of r blocks of M˜ , replace the 1’s in the diagonal positions by
−1’s. Since the number of −1’s in each row of M is r and the number of 1’s of each
row of M is
(
n−1
k−1
)− r , M is a regular k-hypertournament matrix with each row sum
t = (n−1
k−1
)− 2r = (k − 2)r . 
Corollary 9. If a k-hypertournament matrix M satisfies M1 = t1 for some integer
t, then t  0, i.e., s  r. Furthermore, M1 = 0 if and only if n  3 is odd and
k = 2.
Proof. When M1 = t1, n | (n
k
)
and t = (k − 2)r = ((k − 2)/n)(n
k
)
 0 by Theorem
8. So M1 = 0 holds if and only if k = 2 and n | (n2). In this case, n  3 should be
odd. 
Lemma 10. Let 2  k  n − 1 and let d be a common divisor of n and k. Then
there exists an n-tuple e consisting of k 1’s and n − k 0’s, of order n/d.
Proof. Write n = ad and k = bd for some positive integers 1  b < a. Consider
the a-tuple whose first b components are all 1’s and the next a − b components are
all 0’s. We put this a-tuple d times together, making a (0, 1) n-tuple e where first a
components are repeated. That is,
e = (
b︷ ︸︸ ︷
1, . . . , 1,
a−b︷ ︸︸ ︷
0, . . . , 0︸ ︷︷ ︸
a
, . . . ,
b︷ ︸︸ ︷
1, . . . , 1,
a−b︷ ︸︸ ︷
0, . . . , 0︸ ︷︷ ︸
a︸ ︷︷ ︸
d times
).
Then Pa(e) = e. So, ord(e) = a = n/d . 
Using Theorem 8, we can conclude that if n and k are relatively prime, then there
exists a regular k-hypertournament on n vertices.
Theorem 11. Suppose that 2  k  n − 1 and gcd(n, k) = 1. Then n | (n
k
)
.
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Proof. Let e be an n-tuple consisting of k 1’s and n − k 0’s. Then ord(e) divides n
as shown in the proof of Theorem 8. Suppose that ord(e) < n. Then ord(e) = n/d
for some integer d /= 1.
We now claim that d divides k. Since ord(e) = n/d , we know that the first n/d
components of the n-tuple e repeat d times. Let a be the number of 1’s in the first
block of e, i.e., the first n/d components of e. Then d · a = k is the number of 1’s in
e. Hence, we get gcd(n, k)  d /= 1, a contradiction to the condition gcd(n, k) = 1.
So, we conclude that ord(e) = n for any n-tuple e with k 1’s and n − k 0’s.
As in the proof of Theorem 8, a regular k-hypertournament matrix M is construct-
ed by taking [eP (e)P 2(e) · · ·Pn−1(e)] as the blocks of M with replacing the 1’s on
the diagonal by −1’s. Since the number of columns of M is (n
k
)
and also n times the
number of the blocks, we see that n divides
(
n
k
)
. 
Theorem 11 is an easy proposition, but gives an indirect proof which does not
use algebraic calculations. Notice that the converse is not true: n | (n
k
)
does not imply
gcd(n, k) = 1. For example, consider 6 | (126 ).
Corollary 12. For all prime p  3 and all 2  k  p − 1, there exists a regular
k-hypertournament on p vertices.
Corollary 13. If k  2 is a prime, then for all n  k + 1 with k  | n, there exists
a regular k-hypertournament on n vertices. Also, there exists a regular (n − k)-
hypertournament.
Remark. When n and k are relatively prime, we see from the above proof that the
number of n-tuples with k 1’s and n − k 0’s which are nonequivalent under the shift-
ing operator is exactly (1/n)
(
n
k
)
. When gcd(n, k) /= 1, we can ask what is the number
of equivalence classes of P , i.e., the number of nonequivalent n-tuples consisting of
k 1’s and n − k 0’s. In fact, we compute the number of equivalence classes of P
when n = 12 and k = 6 in Example 2 below.
The following examples show a regular 3-hypertournament matrix on five vertices
and a regular 6-hypertournament matrix on 12 vertices constructed as described in
Theorem 8.
Example 1. We consider the case of n = 5, k = 3 and so r = (1/5)(53) = 2. In this
case, there are only two nonequivalent 5-tuples consisting of three 1’s and two 0’s:
e1 = (1, 1, 1, 0, 0), e2 = (1, 1, 0, 1, 0). Any 5-tuple consisting of three 1’s and two
0’s is equivalent either to e1 or e2 under the shifting operator P . Replacing the first
one of the 1’s in e1 and e2 with −1’s and using the same notation again, we obtain
e1 = (−1, 1, 1, 0, 0) and e2 = (−1, 1, 0, 1, 0). The orders of e1 and e2 are 5. So we
have two 5 × 5 circulant block submatrices with e1 and e2 as the first column vectors
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respectively. Putting these together, we obtain a regular 3-hypertournament matrix M
on five vertices with M1 = 21.
M =


−1 0 0 1 1 ... −1 0 1 0 1
1 −1 0 0 1 ... 1 −1 0 1 0
1 1 −1 0 0 ... 0 1 −1 0 1
0 1 1 −1 0 ... 1 0 1 −1 0
0 0 1 1 −1 ... 0 1 0 1 −1


.
Example 2. Since 12 | (126 ), there exists a regular 6-hypertournament on 12 vertices.
By Lemma 10, for each common divisor d of 12 and 6, there exist 12-tuples whose
orders are 12/d . The following five 12-tuples are of order less than 12.
e1 = (111000111000),
e2 = (110100110100),
e3 = (110010110010),
e4 = (110011001100),
e5 = (101010101010).
The orders are ord(e1) = ord(e2) = ord(e3) = 6, ord(e4) = 4 and ord(e5) = 2. In
fact, these are all the nonequivalent 12-tuples having six 1’s and six 0’s of order
less than 12. Nonequivalent 12-tuples except the above five 12-tuples have the order
12, generating 12 × 12 circulant block submatrices of 12 × (126 ) 6-hypertournament
matrix M . And e1 and e2 generate another 12 × 12 block and so do e3, e4 and e5.
Therefore, M consists of r − 2 r × r circulant block submatrices and two non-
circulant ones, where r = 112
(12
6
) = 77. And also it is deduced that there are 77 −
2 + 5 = 80 nonequivalent (0,1) 12-tuples.
That means there are 80 nonequivalent edges under P in a complete k-hyper-
graph.
Each (0, 1) n-tuple e of order n makes an n × n circulant matrix by applying P .
The following theorem says that, when n | (n
k
)
, the number of nonequivalent n-tuples
of P is greater than r = (1/n)(n
k
)
if and only if gcd(n, k) > 1.
Theorem 14. Suppose n | (n
k
)
. Then gcd(n, k) = 1 if and only if there exists a regu-
lar k-hypertournament matrix consisting of n × n block submatrices which are circ-
ulant under P.
Proof. Since n | (n
k
)
, there exists a regular k-hypertournament matrix M by Theorem
8. If gcd(n, k) = 1, then from the first part of the proof of Theorem 11, all the (0, 1)
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n-tuples are of order n. So each n-tuple generates a circulant block submatrix of M .
If gcd(n, k) /= 1, then, for a common divisor d /= 1, there exists an n-tuple consisting
of k 1’s and n − k 0’s with ord(e) = n/d < n. This implies that there exists a block
which is not made of equivalent n-tuples. This block submatrix is not circulant. 
In Example 1, we have three ways to construct a circulant block submatrix, in
other words, three ways to replace 1 with −1 for each block while M remains regular
and the block remains circulant. Since there are two circulant block submatrices,
we have 32 = 9 different regular 3-hypertournament matrices on five vertices which
have two 5 × 5 circulant blocks. Hence there are more than nine regular 3-hyper-
tournament matrices on five vertices including noncirculant ones.
In fact, in each block Ai, i = 1, 2, the number of different ways that −1’s are
placed so that each row and column has exactly one −1 is per(Ai) [11]. So there are
more than per(A1) per(A2) = 132 regular 3-hypertournament matrices on five verti-
ces, considering some of the columns of A1 and/or A2 are exchanged and rearranged.
It will be interesting to answer the question how many regular k-hypertournament
matrices on n vertices are there for n  3 and 2  k  n − 1. When k = n − 1 for
any n  3, Theorem 16 explicitly finds the number of regular k-hypertournament
matrices.
Lemma 15. For every odd integer n  3, the number of k’s such that regular k-
hypertournament matrices on n vertices exist is odd.
Proof. Since
(
n
k
) = ( n
n−k
)
, we see that for each 2  k  n − 2, there exists a regular
k-hypertournament if and only if there exists a regular (n − k)-hypertournament.
Since we always have regular (n − 1)-hypertournament, the number of all the k’s
such that regular k-hypertournament on n vertices exist is odd, and is greater than or
equal to 3 for n  5 and is 1 if n = 3. 
Let Jn denote the matrix of order n having all entries 1’s, and let the diagonals of
a square matrix of order n stand for the n positions any two of which are not on the
same line, i.e., a row or a column, of the matrix. For the concrete definition of these,
refer to [5].
Theorem 16. For any n  3, the number of regular (n − 1)-hypertournament ma-
trices on n vertices is
∑n−1
j=0(−1)j
(
n
j
)
(n − j)! = per(Jn − In), i.e., the number of
diagonals of Jn − In.
Proof. A (n − 1)-hypertournament has n (n − 1)-arcs, so its incidence matrix is an
n × n matrix which contains n − 1 nonzeroes in each row and each column. Chang-
ing the order of columns, i.e., the order of arcs, if necessary, we may assume that the
diagonal entries of M are all 0’s and remaining entries are all 1’s with exactly one
−1 in each column and each row.
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To each (n − 1)-hypertournament matrix M , associate a permutation matrix PM
in which 1 appears in the same entries where −1 appears in M . This defines a 1-1
correspondence between (n − 1)-hypertournament matrices and derangement matri-
ces. A derangement is a permutation by which no element is fixed. Note that the
number of derangement matrices is given by subtracting all the numbers of per-
mutations fixing some of n numbers from the number of all the permutations on n
numbers. It is well known, using the inclusion-exclusion principle, that the number
of derangements is
n! −
(
n
1
)
(n − 1)! +
(
n
2
)
(n − 2)! − · · · + (−1)n−1
(
n
n − 1
)
,
which is the desired result. 
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